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Outline

o Laplace Transforms
= Definition
= Short table of transform pairs
= Inversion via partial fraction expansion
= Using MATLAB symbolics for Laplace transforms

e Linear Systems
= State space and transfer function models
= Solving linear odes with the Laplace transform
= Computing transfer functions with MATLAB




Laplace Transform Definition

f(t):{_ | 0 | t<0

plecewise continuous t=>0

)=L[f(t)]=] et

f t =L [F S :IZZ—jJ-j estF s)ds
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Example
f(t)=e" je )t (Re(A+5)>0)
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Transform Pairs

f(t) F(s)

o(t) 1

ut) 1

S
e "u(t) 1
S+ A4

sin(at) u(t) ®
s’ + o’

cos(at) u(t) S
s’ + o’




Basic Theorems

Linearity L[e fi(t) + o, T, (0] = o F () + o, F, (5)
Time Shift L[f(t-T)]=e " F(s)
Frequency Shift L[e ™ f (t)]= F(s+a)
Derivative L[ f (t)]=sF(s) - f (0)

Final Value f (o0) = limsF(s)

Initial Value £(0+) = limsF(s)




Partial Fraction Expansion, 1

n(s) monic poly of deg=m
Y(s)=k—— :
d(s)  monic poly of deg=n>m

n(s) =s"+by "+l = (5= &) (5= Cna) (5= &)

d(s)=s"+ an—13n_1‘|"""'ao =(s-4)(s-4,4)(s-4y)

kn(s)

Y(s)=
(=46 = 4,1)(5-4y)




Partial Fraction Expansion, 2

Case 1: distinct roots, 4, # A, #--# 4,

When the denominator has n distinct roots, the transfer function can be expanded in the

form with a unique set if coefficients, c,,i =1,...,n. These constants are called residues.

Y(s) = S1E) _ & G
(s—4.)(5-4,4)(s-4;) s-4; s—4,
To determine G,
(S_Ei)kn(s) _(S_ﬂ’i)cl +___+(S_ﬂ“i)ci +___+(S_ﬂ’i)cn
(5= Ao)(5=4)(5-4)  s—4 (s-4) s—4,
S IRt VC WSV (< = 4,)C,
(s—A,)L-(s=2) s—4 ' s—A,

Now set s — 4., to obtain

¢, = lim(s-2,)Y(5)
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Partial Fraction Example

S| S

243542 (s+1)(5+2)
Y(s)=—3 42
s+1 (s+2)
5
c, =(s+1)Y(s =—
= (+DY ()|, s

S
s+1

5 -5
Y(8)= s+1Jr (s+2)

y(t) = LY (s)] =(5e" =5e™ Ju(t) (/(s+4) < e u(t))

Y(s)=

=5

s—-1

=5

S—>-—2

c, =(s+2)Y (s)|H_1 =




Symbolic Computing

MATLAB/ f1=Exp[-at] Sin[ot]:
Maple

F1l = LaplaceTransform[fl, t, =]

0l

al+2as+ 38 + 0
>> syms aw t s
>> fl=exp(-a*t)*sin(w*t); InverselLaplaceTransform[F1, s, t]
>> Fl=laplace(fl)

F1 = BT Sin [t w]
w/ ((s+a)"2+w2) X

>> f10=ilaplace(F1) Mathematica
10 =

w/ (-4*w 2DH)N(L/2)*(exp((-a+1/2*(-4*w 2)N(1/2))* 1)
—exp((-a-1/2*(-4*w "2)"(1/2))*t))




Computing the Partial Fraction
EXpansion

>> s=tf("s");
>> sys=10*s*(s+4)/((s+2)*(s"2+s+5))
Transfer function:
10 s™"2 + 40 s
s"3 +3s"2+ 7 s + 10
>> [num,den]=tfdata(sys, "Vv");
>> [r,p,k]=residue(num,den)
r =

7.8571 - 1.4748i 10s” + 40s
7.8571 + 1.4748i 2 > =
_5.7143 S°+3s°+7s+10
P T —— 7.8571-1.470i N 7.8571+1.470i
-0.5000 - 2.1794i s+0.5-2.17941 s+0.5+2.1794i
5000 , =5.7143
L] S+2




sSummary

o Laplace transforms
» Transform pairs
= Basic theorems
= |nversion using partial fraction expansion
= Symbolic computing tools




