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Outline

e The Pendulum

 Micro-machined capacitive accelerometer
= Differential equation model
= Static (equilibrium) behavior
= Dynamic behavior
Linearizing Nonlinear Models
Transfer Functions
« Using MATLAB numerics for solving odes

e Using MATLAB to compute the transfer
function
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Pendulum

me*6 = —-mg/sin@—co +T (t) x=f(x,u)
X, 20,%,260= /
X, =X,

X, =—(g/¢)sinx, —(c/me)x, +(1/me?)T (t)




Micro-machined Capacitive
Accelerometer
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Accelerometer Model
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Governing Equations

m(X+a)=f —kx—cx=>mx = f —kx—cx-ma (Z Forces on m)

_ P S
E, =Ri+e=Rqg+ 308 E, (D_Voltages around loop)
2 dC dC
R G o1 0. RO S S S o1 L) B
2C(x)" dx d, +X C(x)” dx C,d,
X=V
go a1 —£X—EV—a(t) First order system of ODES
2mCyd, m  m Y independent variable: t
q(d,+x) 1 states: X, v,  (dependent variables)
f=————La 5 input: a(t)
RC,d, R put.
parameters: m, c, k, d,, R, C,, E,




Remarks on Capacitor

Electric power supplied to capacitor: ei
Mechanical power supplied to capacitor: fv
Total work on capacitor: W =eidt + fvdt =edqg+ f dx

Constitutive relation (electrically linear): g = C(x)e
The electric energy stored in capacitor is defined by
dE, (q,x)=edq+ f dx=




Analyzing Ordinary Differential

Eq Uati Oons State vector \_\I/nput Initial condition

system of first order odes: x = f (x,u(t)), x(t,) =%,

o Steady-state (equilibrium) behavior

= Set Input equal to a constant

= Set state time derivative (velocity) equal to zero
e Dynamic behavior

= Time response to initial conditions

= Time response to Inputs




Equilibrium Behavior

— 2
Sl 0=——3 _kx-ma

q- 1 k c 2C.d,
=— ——X——V-3a =

2mC,d, m m o q(d, +x) N
_g(de+x) 1 Cody
= — +—E,

RC.d, R

C,E’
—kx—ma = Y eliminate g
2d, (1+x/d,)




Equilibrium Behavior

y E,=1C,=001d,=0.1k=0
TN 125} staple: x = 0.005612, ¢ = 0.010595
1f  unstable: x =0.074008,q = 0.038473

% unstable |:|_",I,5;.
' é'/stable
%//”

-0.08 -0.06 -0.04 -0.02 ; .0z 0.04
-0_z5¢

-0_&E[ y =—-kx—-ma




Dynamic Behavior

Transient response from the origin: ~ x(0)=0,v(0)=0,q(0)=0
R=1c=1m=1a=0
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Dynamic Behavior




Solving ODEs

function dy = accel(t,y)

dy = zeros(3,1); % a column vector
a=0;

dy(1) = y(2);

dy(2) = -y(3)7"2/0.002-10*y(1)-1*y(2)-a;

dy(3) -y(3) * (0.1+y(1))/0.001+1;

Write a function that defines the differential equations

>> options = odeset("RelTol",le-4,"AbsTol",[le-4 1le-4 le-5]);
>> [T,Y] = oded45(@accel,[0 10],[0 O 0O],options);
>> plot(T,Y(:,1),T,Y(:,2),T,Y(:,3))




General Model of Nonlinear System

State

input u(t)
—>

.

System

x(t)

output y(t)
e

x=f(x,u) state equation

y=h(x,u) output equation

XeR",ueR", yeR"




| Inearization 1

In general models derived from physical principles involve
sets of first and second order differential equations. These

are reduced to first order standard form, involving the state
vector X, input vector u, and output vectory.

x = f(x,u) state equations
y =h(x,u) output equations
A set of values (X,,U,, Y,) Is called and equilibrium point
If they satisfy:
0= f(Xy,Up)
Yo = h (Xo’uo)
We are interested in motions that remain close to the equilibrium
point.




|_Inearization 2

Define: x(t) = X, +x(t),u(t)=u, +u(t),y(t) =y, +5y(t)
5% = f (%, +x(t),u, +5u(t))

Yo +3Y(t)=h(X, +x(t),u, +Su(t))
Now, construct a Taylor series for f | h

af(xo,u0)5x+8f(xo,uo)
OX ou

8h(x0,uo)§x+8h(xo,uo)
OX ou
Notice that f (x,,u,) =0 and h(x,,u,)=Y,, so

_of (xo,u0)5 +af (Xo,Up)

. e 5% = ASX+ Bou

é?h(xo,uo)5u oy =CSx+Ddu

The equations become:

ou + hot

f (X +IX,Uy+0u)=f(X,,Uy)+

h(X, + X, Uy +8U) =h(X,,Uy )+ Su + hot

OX

5y=ah(x0’u°)5x+
OX ou




Linear System Models: state space &

transfer function (state
input u (t) X(t) | output y(t)
— > System - >
The diffrential equation or 'state space' model is

X(t)=Ax(t)+Bu(t) state equation
y(t)=Cx(t)+Du(t) output equation
x(0) =X, initial condition
The state space model describes how the input u(t) and the initial condition affect the state x(t)
and the output y (t). The ‘transfer function' model is
Y(s)=G(s)U(s)
where Y (s),U (s) are the Laplace transforms of the output and input and G (s) is the transfer function.
The transfer function model describes how the input affects the output.




Solving ODEs via the Laplace

Transform
X=Ax+Bu, y=Cx+Du
£(Xx)=Af(x)+BL(u) _ sX (s)—%, = AX (s)+BU (s)
£(y)=CL(x)+DL(u) Y(s)=CX(s)+DU(s)
(s)=[s! — A] " x, +[sl — A] " BU (s)

(s)=C[sl —A] "%, +{C[sl ~A] "B+ D|U (s)

X
Y

/\_ \
Input response

Initial condition response

Transfer function: |G(s)=C|[sl - A]_1 B+D




Example: Accelerometer

—kx—iv—a(t) e:_q(d0+x)

m m C,d,

1
+RE0

56:_(d0+x0)5q

K C Cod,
5q——0x——38v—asa(t)

m m _ngI Sy
Sq-—b__sx s




Example: Accelerometer

CS%] Ok L 0 5x] [0°
sul=| - & % L s li]1)sa
. m m m C.d,
5q 0oq| | 0]
. q (dg+%)
| RC,d, RC,d,
Sy
d
soo| - o _(Dt%) s +[0]sa
C,d, C,d, T
_5q_ state: x =[JX,6V,5q]

input: u=[da] (acceleration)
output: y =[Se] (capacitor voltage)




Accelerometer Transfer Function

>> A=[0 1 0;-10 -0.1 -(0.010595)/(0.01*0.1);-
(0.010595)/(0.01*0.1) 0 -(0.1+0.005612)/(0.01*0.1D)];
>> B=[0;-1;0];
>> C=[-(0.010595)/(0.01*0.1) 0 -(0.1+0.005612)/(0.01*0.1)];
>> Gss=ss(A,B,C,0);
>> G=tf(Gss)
Transfer function:

10.6 s + 3.367e-013
s"3 + 105.7 s™2 + 20.56 s + 943.9
>> zpk(G)
Zero/pole/gain:

10.595 s

(s+105.6) (s”2 + 0.1101s + 8.938)




Reduction to State Space Form

my =—k(y—r)-c(y—r)
X y X1:X2
Try the usual: — k c K ¢
m | ———f-- X, =% =Y Xo=——X ——X, +—r+—F
f m- m m m
y X, =Y—-a,r y=X +a,r
ulm An alternative: * ° % = T bt
K c X, = X, — &,T Y =X, +oyf +a,r
X, =X, +a,r
c
| X, + i + gy = X+051 (x +g/r/+a2) %/r
c C c
T a1:0and o =——0 +—= 051:0,052:_
r(t) m = m
%, = X, -
1 2 m

. K C c) Kk
XZZ_EXjL_EXz"' - E +E r




Computing Transfer Functions

From original equation:
my=—k(y—r)—c(y—r)
Use L[y]=sL[y]-y(0)=L[y]=sL[y]-¥(0)=s"L[y]-sy(0)-y(0)
with y(0)=0and y(0)=0
ms?Y (s)=—KkY (s)—csY (s)+kR(s)+csR(s)
! (S) B msZCiJ:::+ K R(S) - (S) N msZCiJ:::+ K
From state space

A S

G(s)=C[sl ~A]'B+D=[1 0]{S N TL( c/m } cs+k

k/m s+-c/m c/m)* +k/m " ms?+cs+k




Quarter-Car Suspension

m1y1:_k2(y1_ yz)_k1(y1_r)_C2(Y1_ Y2)_01(Y1_r)

m2
k% % mzyzzkz(y1_y2)+C2(Y1_YZ)
2 CZ
Verticle motion, y,, y, measured from rest with
ml

r=0

Using Laplace Transform, derive a relationship
between R(s) and Y, (s) (data from Franklin et al)

V. (s)= (17.333/1.3067)s R(s)
237 g% 4 490s° + 44067.552 +157061s +1.88099
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Quarter-Car State Space Model




sSummary

Accelerometer model
= Start with physical principles
= Nonlinear ordinary differential equations
= First order form: “standard form’ or ‘state varaiable form’

State space and transfer functions

Solving ODEs / Transfer Functions

= Linear systems are described by state space and transfer function
models

= Linear systems of ODEs can be solved using Laplace transforms
= The transfer function is used to describe the input-output response

Using MATLAB to solve odes
Using MATLAB to compute transfer functions
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