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What you should know

Computing Laplace transform pairs

Computing time responses using partial fraction
expansion

Solving ode’s using Laplace transforms
Assembling state variable models

Computing transfer functions from state space
models

Computing state space models from transfer
functions

The following are typical exam questions. Some with

14 solutions.

Drexel

IIIIIIIIII



Laplace Transform Pairs

Using the Laplace transform definition, derive the
transform of the following time functions:
u(t),tu(t),sinwtu(t), cosmtu(t)

Using Laplace transform short table and theorems
derive the transform of

tu(t), e sinmtu(t),e™ coswtu (t)




Example: Laplace Transform
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step: jooou (t)e“dt = fooo e Sdt = ~

ramp: _[OOO f(t)e™dt= jooote‘“dt

recall 'integrtation by parts' j udv =uv — j vdu




Example: Laplace Transform
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Example: Laplace Transform

e ¥ sin wt:
(0]

s° +
e from Laplace transform Theorems: if

e[f(t)]=F(s)= £[e*f (1)]=F(s+a)

Thus, f[e“"“ sin a)t] =

e from the short table: .£[sin ot | =

)

(s+a)2 + o’




Computing Time Response

U(s) Y (s)
s+1 .
s’ +8s+ 64
Compute step and
Impulse response of - on .
Systems on the right. system dynamics  kinematics
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> q > - —>
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Example: © a9

s°+8s+64
impulse response: U (s) =1
B s+1 s+1
)= s ea 2(s+4(1+ j\/§))(s+4(1— Jﬁ))
C, c

) (s+4(1+ j@))+(s+4(1— Jﬁ))

y(t) — Cle—4(1+j«/§)t +CI6‘4(1—j\/§)t - (C e J4x/—t e J4\/§t) (2 Re(cle‘j“@t))

| (s+4(2+ 1¥3))(s+1) (-4(1+ i¥3)+1)
¢, = lim 32 =32
s-4{1+147) (s+4(1+ j\/§))(s+4(1— j\/§)) (—4(1+ i/3)+4(1- j\/§))
:32(_3__1_ jj;@) =4(4- jv3)

(4 Jf)(cos4\@t Jsm4\ft)=<16cos4ft 4\fsm4x@t)+1( )
= (16COS4\/§t—4\/_S|n4\/§t)




Example:

drive load load
system dynamics kinematics
ue) [z n ] YO
> P P> — —p
Step response: U (s)=1/s 5+5 5+2 s
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S+5 s+2 s s

.__5 _ B 4 5
" (s+2)s®| , 7-25 35" ° (s+5)s’| 28

.5 1o 5 _ 5(7+25) | 35
Yo (s+B)(s+2),,, 27 7 ds{(s+5)(s+2)) (10+7s+52)2 0 100
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State Space Models

Determine the state space model for the
magnetic levitation system shown. The
linearized governing equations are:

\Y,

hl] [0 1 0 |[h
= —|v|=|0 0 —a/m]||v
i| [0 0 -R/LJ|]




State Space Models

The linearized governing equations for the vehicle are:

my=—2c, | =29 _g|_2c, (“ae—e—aj
v

0

si=20c, | Y229 _g|-2ac, (y:/ae—e—a)

0
Put the equations in state space form.




State Space Models

] fixed plate
i) s
—p .

R o c I X, — X(t)
)
' ; \___T_X_
(1) H . : moving plate

The governing equations for the capacitive microphone are

m>‘<’+c>’<+kx—i(q—qo): f(t)
A

1
Lg+R4+—(q—-q,) =V(t)
A

Put them in state space form.




Transfer Function Models

Al
lrigﬁ@r_;}

Derive the transfer function Q.. — Q

A Lh hysq,

for the two tank system shown.
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Example: Transfer Function

assume zero initial conditions

A15H1:_i(Hl_H2)+Qin’ AzSszi(Hl_Hz)_in
Rl Rl RZ
solve for H,

(Als+%] HlJrRiH2 =Q,,

= R1£Als+—][Azs+i+Rin2 +i H,=0Q.,
—iHl-i-(AzS-Fi-Finz =0
R, R

IQl 2
H2 - Rl Qin
Rf(Als+1j[Azs+l+1]+l
R, R R,
1 R /R,

2

Qout:_H2: Qin
R, 2 1 1 1
R; (AIS+RJ(AZS+R1+R]+1




Transfer Function Models

|
steering torgye, u(t)
|

Derive the transfer function u — x
for the moon lander

Jp=u

mX=T4¢




Transfer Function to State Space

U (s) Y (s)
—> 32 s+l >
S +8s+64
Derive state space models
For the systems on the right. drive joad joad
system dynamics kinematics
U(s) 5 1 1 Y(s)
> > » - —>
S+5 S+2 S
2s+) | 2
(s+2) (s+4)

U (s) {

(s+1)




Example: tf 2 ss

UNIVERSITY

2(s+1) 2
(s+2) (s+4)
U (s)
3 2 S
Y (s)= S 3+1Os2 +165+4U (s) (5+1)
S°+7s°+14s+8
Z(s)= 33+7321+14s+8u (5),Y (s)=(5° +10s? +165+4)Z (s)
7+177+147+82=u,y=7+107+162 +4z
X =z
X, =% =1
X =X, =12
Xy = —TX; —14%, —8% +U, y = (—7X; 14X, —8x, +U) +10x, +16X, + 4,
X =%
=%

X, =—1X; —14X, —8% +Uu
y =—-4X +2X, +3%X, +U

Y (s)



sSummary

Computing Laplace transforms

Inverting Laplace transforms via partial fraction
expansion

Computing system responses

Building state variable models from governing
equations

Building transfer function models from governing
equations

Converting transfer functions to state variable
models




