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Outline
• Problem definition: transfer function to 

state space
• Companion form

Two methods
Example

• Hand calculation
• MATLAB

• Diagonal Form



Problem Definition

( )

( ) [ ]

1
1 1 0

1
1 1 0

1

Given a transfer function:

,

Find a set of matrices , , ,  su

The answer, as we will, see is not unique. We will consider
several 

ch tha

p

t

a pro

m m
m m

n n
n

b s b s b s bG s m n
s a s a s a

A B C D

G s C sI A B D

−
−

−
−

−

+ + + +
= ≤

+ + + +

= − +

"
"

1Note, we can always assume ,  then allow =0,
ache

,
s

=0. 
.

n mm n b b += …



Companion Form
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Consider the input-output relation:
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Method A, 1
1

1 1 0

1
n n

ns a s a s a−
−+ + + +"

1
1 1 0

m m
m mb s b s b s b−

−+ + + +"
u z y

( ) ( 1)
1 1 0

( ) ( 1)
1 1 0

1

2 1

( 1)
1

The output  can be obtained from

Consider th

Now, introduce the

e auxiliary system
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Method A, 2
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The auxilliary equation reduces to first order, i.e.,

Also, the output can be written in terms of the states
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Method A, 3
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Method B, 1
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First, define  state variables, , , ,  

Sequentially, use these definitions to eliminate , , ,
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Method B, 2
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Method B, 3
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( )Now, choose 's to eliminate -derivatives , , ,
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Method B, 4
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Method B, 5
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Example
( )

( ) ( ) ( )

( )

2

3 2

1 1 2 1 2 3 2 3

3 3 2 1 3 3 2 1 1 1

1

2

3 3

3 2 3

1

4 5
3 2

, ,

3 2 4 5
 terms   0
 terms    4
 terms   

3 2 4 5

3 12
 3 0 1

2
2

sG s
s s

x y u x x u x x u

x u u u x u u

y y y

u x u u u

u u

x x

u

u

u
u

x

α α α

α α α α α α α
α
α
α α α

+
=

+ +

= − = − =
+ +

−

⇓

+ + + + + + + + + = +

=
=
+ = ⇒ = −

= +

+ − + =

� �

� � �� ��� � �� ��
���

��� �� ��

�

��
�

5u



Example, Cont’d

[ ]

1 2

2 3

3 1 3

1

4
12

2 3 41

0 1 0 4
0 0 1 , 12 ,
2 0 3 41

1 0 0 , 0

x x u
x x u
x x x u
y x

A b

c d

= +
= −
= − − +

=

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥= = −⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦

= =

�
�
�



Example, MATLAB
a = 

x1    x2    x3
x1    -3     0  -0.5
x2     2     0     0
x3     0     2     0

b = 
u1

x1   2
x2   0
x3   0

c = 
x1     x2     x3

y1      2      0  0.625
d = 

u1
y1   0

>>s=tf('s');
>> G=(4*s^2+5)/(s^3+3*s^2+2);
>> ss(G)



Diagonal Form
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Diagonal Form, 2
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Example
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Summary
• Transfer function to state space
• Companion form, 2 versions

Both give real coefficients
No need to factor numerator or denominator

• Diagonal form
Coefficients can be complex
Need to factor denominator


