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Rigid Body kinematics

Consider two reference frames:
a space frame (s) and a body
frame (b) with common origin
(Ro=0). Let{s,, s, s,}bean
orthonormal basis for the space
frame. Let{b,, b,, b,} be an
orthonormal basis for the body
frame. The orientation of the
body frame is specified relative
to the space frame if the basis
vectors {b,, b,, b,} are specified
In the coordinates of the space
frame.

b, =b,s, +b,s, +b,s,
b, =b,s, +b,s, +b,s,
b, =b,s, +b,s, +b,s,
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Properties of the Rotation
Matrix

1) L' converts body coordinates to space coordinates.
To see this, suppose a vector r has coordinates r, , 1, , I, In the body frame and

Lo Ty T, 1N the space frame:

r= rbxbx-l-rbyby-i-rbzbz = rsxsx-l_rsysy-l_rszsz

multiply successively by s, s ,s} to prove

SX bxx byx bzx rbx
r, |=|b, b, b, |[r=Lr
B r-sz | _bxz byz bzz L rbz |
2) Orthonormal unit vectors = L'L =1,L" =L"

3) Right hand coordinate system = detL =1
4) Translation plus rotation

R* =Ry +Lr’, R* =R +Lr"+L¢




Successive Rotations

Suppose a succession of rotations are made,
say L, then L,, then L,, then the total rotation

is defined by L' = L L)L, .

Example:

1) Rotation of angle y about z-axis L, =

2) Rotation of angle @ about y-axis L, =

3) Rotation of angle ¢ about x-axis L, =

[ cosy  siny O]

—siny  cosy O
0 0 1
(cosd 0 —sind|
0 1 0
sind 0 cosd
1 0 0 |
0 cos¢g sing
0 -sing cos¢




Euler Angles

Consider a reference frame fixed in the body, with origin located by the position vector R,
and angular orientation denoted by L, both relative to a fixed inertial (space) frame.

L can be parameterized by the Euler angles v, 8, ¢ (yaw, pitch, roll) representing sequential
rotations about the axes z, vy, X, respectively:

cosédcosy cosésiny —sind
L(w,0,¢4)=|singsin@cosy —cosgsiny singsindsiny +cosgcosy  singcosé
| cosgsindcosy +singsiny  cosgsingsiny —singcosy  COS¢coso

A

z

v
Standard coordinate frame employs 3,2,1 or z,y,x >
convention for defining Euler angles.

ey’\




Angular Velocity ~ 1

Consider a rotation L —> L+ AL
Definition : L = lim A&
At—>0 At
Definition : A square matrix A is called anti-symmetric if A" = —A.

Example: A 3x3 anti-symmetric matrix has the general form

0 -¢c b |
c 0 -a
_—b a o0

Notice that there are only 3 independent elements a, b, c. In this sense
every 3x 3 matrix is equal to a 3-vector. We use the notation

a (0 -c b ]
v=|b| and Vv=|c¢c 0 -a
C | _—b a 0

Definition : The cross product of two 3-vectors u,v is uxVv = (v




Angular Velocity ~ 2

Proposition : L'L and L L' and antisymmetric matrices.
Proof:

(L+AL) (L+AL)= L L+ L AL+AL L+AL AL
but

L'L=1,(L+AL) (L+AL)=1

= UAL+AUL+AUAL=0= 'L+ L=0= U'L=—(L"L)
Definition : Define the antisymmetric matrices @, = L'L, @, = LL". &, ~ o,,
@, ~ w, are the angular velocity in space and body coordinates, respectively.

Note: @, =L@, L, @&, =Lo L', L' =a,L", L=-a,L

SR =R +L P+ =R +a,L'r* +L'#* =R + oo, x L'r° + L' i°




Velocity in Body and Space
Coordinates

Consider a body frame (b) and a space frame (s) with common origin and
the only relative motion is rotation. If r is the position vector of any point
fixed in the body, then

r(t)=L"(t)r’, r® = constant
V()= (t)=L ()r’ =L (t)Lr* (t)=a, (t)r’ (t) = o, (t)xr*(t)
Similarly,
V(1) =LV () =L{t)a, (t)r*(t)=L(t)a, ()L (t)r* (t) =@, (t)r (t) = @, (t)xr" (1)
Translation + Rotation
R=R,+r<o R =R +r° <R =R +1°
Inertial velocity in space coordinates
VE=R' =R +Lr’ =R +a,L'r’* =R + &, x L, "
Inertial velocity in body coordinates
V® =LR® = LR} +LL'r® = LR + L@, L'r* = LR +@,r° = LR + @, x 1"




Euler Angle Kinematics

Recall the fundamental kinematic relationship: L(t) =-a, (t)L(t)

¢
define the coordinate vector g :=| 4 |,
Y
G=T(9)a,
1 singtan@ cosgtand | 1 0 —sing |
I'(q)=|0 cos¢ —sing |,I'*(q)=|0 cos¢g cos@sing
|0 singsecd cosgsecd | 0 —sing cos@cosg |




Kinematic Equations Summary

Inertial space location

X, | [cos@cosy cosysindsing—cosgsiny cosg@cosy sin@+singsiny |
Y, |=| cosé@siny cosgcosy +sin@singsiny  cosy sin ¢+ cosgsin dsiny
2, —siné cosdsin ¢ CoS & cos ¢

angular orientation

é| [1 singtand cosgtand || p
0|=|0 cos¢ —sing || g
w| |0 singsecd cosgsecd || r
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