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Vector Fields

Definition: A vector field v.on M is a map which assigns to each
point pe M, a tangent vector v(p)e TM,,. Itis a Ck-vector field if for
each peM there exist local coordinates (U, o) such that each
component v;(x), i=1,..,m is a C* function for each xe (V).

Definition: An integral curve of a vector field v on M is a
parameterized curve p=¢t), te(t;,t,)cR whose tangent vector at
any point coincides with v at that point.

In local coordinates, the vector field is written as
v, (X)
v, (X)

" (%)

a vector v(x) =




Flow Function

Definition: Let v be a smooth vector field on M and denote the
parameterized maximal integral curve through peM by W¥(t,p)
and W (0,p)=p. W(t,p) is called the flow generated by v.

Properties of flows:

« satisfies ode %‘P(t p)=v(¥(t,p)), ¥(0,p)=p

« semigroup property LI’(tz,\P(tl, p)) =¥ (t +t,, p)




Differential Map

an arbitray curve ¢(t) on M passing through point p
4(t) = F(4(1)) maps into ¢ (t) on N passing through point F ( p)

R

Given the map F: M — N, the differential map is the induced

mapping
F:TM ) — TNg

that takes tangent vectors into tangent vectors.




Analysis using Local Coordinates




Lie Derivative

Definition: Let v(x) denote a vector field on M and F(x) a
mapping from M to R", both in local coordinates. Then
the Lie derivative of order 0,... Kk IS

Y L
C(F)=F. L(F)=""

Example:
F(x)=Bx,BeR™ v(x)=Ax, Ae R™"
OBX

L, (F)=Bx, Q(F):EAX: BAX

AX = BA’X




Series Expansion Along Trajectory

Suppose x(t)satisfies x =v(x), x(0) = x,. Let f : R" — R" be any smooth function
d

(x(0)= )] g (100) | g o7 (x(0) | e

S (x(1) = 2v(x) = ()




Series Representation of Exp Map

Thus, for any smooth f
0 tk

(x() =35 ()

k=0 ™ = X=X

Forf(x):x




Exponential Map Properties

We have adopted the notation

"X, =¥ (t,%, )

The motivation for this is that the flow satisfies the three
basic properties ordinarily associated with exponentiation —
from properties of w(t,p).

e”'X, = X, boundary condition

d . . .
aethO =v(e“x,) differential equation
elit)Vx = e'e"x, semi-group property




Example: general linear field




Example: Affine Field

v(x)=Ax+b
L, (x) = Ax+b
L (x) =L (A" x+ A%b) = Ax+ A'b

eVX = Zt— Ly (X) = (Zt— A“x+zt— A“bj =e"x+e*A™Db
k! k! o K|

k=0




Lie Bracket

Definition: If v,w are vector fields on M, then their Lie bracket
[v,w] is the unique vector field defined in local coordinates by

the formula

Property:

OW OV
[V1 W] =—V-——W
OX  OX
dW(LP (t’ X)) _ [V W] The rate of change of
dt L7 Uy T walong the flow of v
t=0




Lie Bracket Interpretation

Let us consider the Lie bracket as a commutator of flows. Beginning at point x in
M follow the flow generated by v for an infinitesimal time which we take as
for convenience. This takes us to point Je

y = exp(\/z V)X

Then follow w for the same length of time, then -v, then -w. This brings us to a
point y given by

(e, X) = g VoW g VeV gew gilevy




Lie Bracket Interpretation Continued




lterated Lie Bracket

We recursively define higher order Lie
Brackets:

ad’(w) =w
ad = [v, advk‘l(w)]




Distributions

v,,...,V. Is aset of vector fields on M
A, =span{v(p),,...,v,(p)} is a subspace of TM |

Definition: A smooth distribution A on M is a map which assigns to each
point peM, a subspace of the tangent space to M at p, A,cTMp such that A,
IS the span of a set of smooth vector fields v,,..,v, evaluated at p. We write
A=span{Vvy,..,V,}.

Definition: An integral submanifold of a set of vector fields v,,..,v, is a
submanifold NcM whose tangent space TNp is spanned by {v;(p),...v,(p)}
for each peN. The set of vector fields is (completely) integrable if through
every point peM there passes an integral submanifold.




Involutive Distributions

Definition: A system of smooth vector fields {v,,..,.v,} on M is in
involution if there exist smooth real valued functions ¢, (p), peM and
1,J,k = 1,..,r such that for each i,]

r
_ N\l
[Vi,vj]—ZCka
k=1

Proposition: (Froebenius) Let {v,,..,v,} be an involutive system of vector
fields with dim [span{vy,..,v,}]=k on M. Then the system is integrable with
all integral manifolds of dimension k.

Proposition: (Hermann) Let {v,,..,v,} be a system of smooth vector fields
on M. Then the system is integrable if and only if it is in involution.




Example

—y 2ZX
M=R® A=span{v,w} v=| x | w= 2yz
0 2% +1-X°

[v,w]=0 so the distribution A is completely integrable. The distribution is
singular because dlmA 2 everywhere except on the z-axis x =0,y =0
and on the circle  X° + y =1,z=0 where dimA =1 The z-axis and the
circle are one-dimensional integral manifolds. All others are the tori:

T = {(x, Y, 2) € R3‘(x2 +Yy?)

-1/2

(x2+y2+22+1):c>2}

2

-y




Example




Invariant Distributions

Definition: A distribution A ={V,,...,V,.} on M is invariant with respect to a
vector field f on M if the Lie bracket [f,v;], foreach i=1,...,r isa vector field of
A.

Notation: [f,A]=span{[f,v.],1=1,...,r}

that A is invariant with respect to f may be stated [f,A]c A.
In general

A+[f,A] = A+span{[f,vi], i=1,...r } = span{vy,...v,[f,v{],...[f,v,]}




Involutive Closure ~ 1

e Problem 1: find the distribution
with the following properties
It IS nonsingular
It contains a given distribution A
It is involutive
It Is Invariant w.r.t. a given set of vector fields,

TyyeiTg

<2'1,...2'q ‘A>




Algorithm

Algorithm for Problem 1.
A, = A

A=A+ le[fi | Ak—l]
stopwhen A, =A,
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