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Affine Systems

X=T1(X)+G(X)u= f(x)+Zm:gi(x)ui

y =h(x)
XeR", yeR”, ueR"




Controllability

e X is U-reachable from x, if given a neighborhood U of x, containing x;, neighborhood
there exists t>0 and u(t) on [0,t] such that x, goes to x; along a e X,
trajectory contained entirely in U.

e The system is_locally reachable from x, if for each neighborhood U of
X, the set of states U-reachable from x, contains a neighborhood of x,.
If the reachable set contains merely an open set the system is locally
weakly reachable from x, . Open

X
e The system is locally (weakly) controllable if it is locally (weakly) ® %0 et
reachable from every initial state.

R. Hermann and A. J. Krener, "Nonlinear Controllability and Observability," IEEE
Transactions on Automatic Control, vol. 22, pp. 728-740, 1977




Controllability Distributions

Ac ={f. 0.0, fspan{f,g;,.... g })
Ac, :<f,gl,...,gm‘span{gl,---’gm}>

Ac, Ag, satisfy
— A, +span{f}c A,
— x a regular point of A, +span{f}= A, (x)+span{f(x)}=A.(x)
—if Ac_and A._+span{f|are of constant dim, then
dimA. —dimA, <1




Controllability Rank Condition

Proposition:
A necessary and sufficient condition for the system to be locally

weakly controllable is
dimA¢ (%, )=n, Vx, € R"

A necessary and sufficient condition for the system to be locally
controllable is

dimA. (X,)=n, VX, €R’




Example: Linear System Controllability

X=AXx+Bu,xeR", ueR"

f(xX)=Ax,0,(X)=b,1=1...,m
[Ax,bi]za—l")‘Ax—%bi = Ab
OX OX

[bi,bj]:O,[Ax, Ax|=0




Example: Linear System Continued

A, =span{B}

A, = A
A, =span{B AB}

Ak - Ak—l + Z?:1[Ti ’ Ak—1:|

. stop when A, = A
Ak:span{B AB ... Ak_lB} P k k-1
CH —Thm:ACO:span{B AB .. AHB}

A, =span{Ax, B}

Ac =span{Ax,B, AB,... A"*B|




Example: Wheeled Robot

body fixed frame

x| [cos® O]
d . vV,
—|y|=|singd O { }

/ :
T A space frame

drive

rotate

r independent
drive wheels

» X




Wheeled Robot 3

A, =span {drive,rotate} =

[ 1 7[0]] [ 0 ]
tan@ |,| 0| |=|sec®d
| 0 _1__ 0
( 0

span < drive,rotate, | sec* @
0

\_




Implementing Lie Bracket

Add




Example: Extended Wheeled Robot

The extended system includes dynamicsandz=F,Z =u.:
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X

X
y
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V., C0SH
v, sin@
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Example: Extended Wheeled Robot - 2

11

0

Ac, =span: :
10

Ac, _, =span

N

>, rank 6 = controllable at generic state

o O rr O O O

oSO b O O O O

b O O O O O

>, rank 5 = uncontrollable at x =0

Actually, this is true not only at the origin,
but at any point with v, and @ both zero.

= For generic points with only v, =0,
the system is controllable.



Example: Parking

body fixed frame

space frame
X

D < X

steering & drive wheel h
drive

(cos(g+6) O]
sin(p+6) 0]y,
sind 0 {uj
| O 1_




Parking, Continued

AC=<1‘,g1 ,,,,, gm\Spa”{f’gl °°°° gm}>
A, = (18010 [sPAN {0411 G, )
cos(¢+0)| [0 [cos(p+6)
[ |sin(g+6)| |0 < sin(¢+0)
“\| singe) o)) sin(o)
0 |1 0

, O O O




Example: Parking, new directions from
Lie bracket

—sin(@+¢) |
cos(@ + @)

wriggle = steer, drive] = 050

—sing |

slide = [wriggle, drive] = cos¢




Parking, Continued

cos(¢+0)
sin(¢+06)

span <

(

sin(6)

0

o O O -




Recall Lie Bracket
Interpretation as Commutator
of Flows

Let us consider the Lie bracket as a commutator of flows. Beginning at point x
in M follow the flow generated by v for an infinitesimal time which we take asve
for convenience. This takes us to point

y = exp(y/& V)X

Then follow w for the same length of time, then -v, then -w. This brings us to a
point y given by

(e, X) = e VoW g Ve glew glevy




Example: Parking,
Implementation

9 wriggle=steer+drive-steer-drive

—X e e — — — -

l+—/
_kl)-_’

S—
.
I

slide=wriggle+drive-wriggle-drive / y,




More Controllability Distributions

What is missing in these earlier attempts
to obtain a controllability determination

ALO = span {adlf(gi 1<i<m,0<k<n _1} Is any Lie Brackets between fields g;,g;.

They are sufficient but not necessary
0 - k k-1
ad, (w) =w, ad, = [V’ ad, (W)] conditions for controllability.

A, :span{f,ad'f‘gi,lsism,Osksn—l}

weak local controllability < A.=n <« A =n
i i f

local controllability & A =n < A_=n




Example: Linear Systems Revisited

f(xX)=Ax,G(x)=B

Ac =A, =span{Ax,B, AB,..., "B}
Ac, =A,, =span{B,AB,..., A"'B|




Controllability Hierarchy

:<f,g1 ..... gm‘Span{f,gl °°°° gm}>

C

A, =span{f,ad$gi,l§ism,nggn—l}
A, :span{adﬂfgi,lgigm,nggn—l}

weak local controllability < dimA.(x,)=n <« dimA, (x,)=n
fl fl fl

local controllability < dimA; (%,)=n <« dimA,_ (%,)=n
f 0

linear controllability =N dim[B AB ... A"'B|=n
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