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Problem Definition
X=T1(X)+G(X)u= 1, (x)
y =h(x)

XeR", ueR", yeR"
f(Xo):O’ h(xo):O

Glven a system:

Construct an observer,
.e., an estimator: X(t‘ y(z),u(z), 7 [O,t])

Such that HX('[) — )A((t)H —0ast — o
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Observability

e Consider an open set U in R". x;,X, are U-distinguishable if there
exists a control u(t) whose trajectories from both x;,x, remain in U
such that y(t;x,,u) # y(t;x,,u). Otherwise they are U-indistinguishable.

e The system is strongly locally observable at X, if for every nbhd U of x,
every state in U other than x, is U-distinguishable from x,. It is locally
observable at X, if there exists a nbhd W of x, such that for every nbhd
U of x, contained in W every state in U other than X, is U-
distinguishable from x.

e The system is (strongly) locally observable if it is (strongly) locally
observable at x, for every x, in R".

Clearly, strong local observability = local observability.
Local observability only requires that states sufficiently close

to X, are distinguishable from x,.
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Observability Codistributions

Q, :<f,gl,...,gm span{dhl,...,dhp}>
A, =
Q, :span{ka (dh),1<i< p,nggn—l}

The distribution Ag Is invariant wrt f,g,,...,9,, and and it is
contained in the kernel of span{dh,...,dh,}. If it is nonsingular, it
Is also involutive.
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Observability Rank Condition

Proposition: If Q4 (equivalently, Ay) Is of constant dimension
on some open set U, then the system is locally observable on U if
and only if dim Qg = n, or equivalently, dim A, = 0.




Example: Linear System
Observability

X = AXx+Bu, y =Cx
f(x)=Ax, g;(x)=b,dh, =c, = L,c, =c;A L,c; =0

e

C CA

Q,=span{C}, Q, =spani _ :,..., Q =spany .

CA :

CAk—l
- -
CA
CH Thm = rank =n




Example: Role of Input

X X, 0
X, [=| X3 |[+]| X (U, Y=X,

 The linearized system is not observable,
 The system with g(x)=0, yields
(2, =span {[O 0 1]}
° [0 1 0]

* On the other hand, for this system

1 0 0]
Q, =span :0 1 0: -
[0 o 1]




Observability Hierarchy

dimQ,(x,)=n = locally observable

fl fl
dimQ, (x,)=n = zeroinput observable
) fl
-
: CA :
dim . |=n & linearly observable
_CAn_l_




Observers that Mirror System
Dynamics
system: x = f (x,u), y =h(x)
observer: X = f (X,u)+x (X, y-h(X))
error:e = X — X

é=f(x,u)-f(x—eu)+x(x—eh(x)-—h(x—e))

e=0=¢é=0VWvu(t), x(t)

only if x(x,0)=0
x(--)drivese(t) > 0




Exponental Detectability

A system is exponentially detectable at (x™,u”) if there exists a

function y (x,y)
o 7(x,y)=0
e7(&h(&)=f(&U7)

e £ =X isanexpstablee.p.of £=y(&,y")

Exponential detectability
U

K= f (X,u)—f ()“(,u*)—y(f(, y)
IS a local observer




Constant Gain Observer

X = f(x,u) = Ax+ Bu+h.ot.
y = Cx+h.odt.
(A, C) detectable

choose: x(X,y)=L(h(X)-y), ReA(A+LC)<0

L=-SC'V™
SA" + AS-SC'V'CS=-W,S>0




Global High Gain Observer

f(x,u)=F(x)+G(x)u

e |ocally uniformly observable for all inputs = (A, C) observable

e g.(x) globally Lipschitz

= for inputs u uniformly bounded, & & sufficiently large

X = F (%) +G(X)u+L(C&~y)is an observer, where
L=-SC'V™

(A+61)S+S(A+61) —SCV'CS =-W,S >0

Gauthier, Hammouri, Othman 1992
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Global Observer for Detectable
Systems

f (x,u) = Ax+ f*(x,u), y = Cx
¢ (A,C) detectable = 3L, P > 0, Q > 0 such that (A+ LC)P+P(A+LC) =-Q
e f?(x,u) globally y — Lipschitz in x uniformly vu

/lminQ

24 P
max Thau, 1973
= X = AKX+ f?(X,u)+L(CX—y)isan observer  Raghavan & Hedrick, 1994
Rajamani, 1998

>y

L=-SCTV™
AS + SAT —SC™VICS =W, S >0
(A-SCTVC)S+S(A-SCTViC) =-W -SCVICS
S P,W +SC™V'CS - Q




Global Robust Observer

f(x,u) = Ax+ f*(x,u), y = Cx
e (A,C) detectable = 3L, P > 0, Q > 0 such that (A+ LC)P+P(A+LC) =-Q
e377:R"xR™ — R suchthat f?(x,u)=P'C'n(x,u)
o [7(x,u)| < p(t,u) vx,u
= X = AX+L(CR-y)+S(CR-Y, p)is an observer
S(&, p)=P7C'&p? /pr +ee” H
Moreover, |X—x|* <ae™, b= A, (Q)/ Ay (P)

Walcott & Zac, 1987 Dawson, Qu, Carroll, 1992




Observer Design via
Linearization to Output Injection

Krener, Isidori, Respondek
x = f(x) 1=Az+o(y)| Z=Ai+p(y)+L(Ci-y)
2. =
y =h(x) y=Cz ¢=(A+LC)e,e=z-2
Hammouri, Gauthier, Kinnaert
. x=f(X)+G(X)u Ly 2=A(u(t))z+e(y,u(t))
y =h(x) y=Cz

2=A(u@)Z+e(y,u(t))-P@C’ (Ci-y) )
5 PAT (u()+ A(u()P—PCTcpsg & -LAUD)TPOCTC e
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Example: Krener & Respondek

X, X, ] _

d . 2 2 B X

dt Ky XX
X || XX /(14 %)

Z, =%, 2, =(1+ %)X, Z, =(x13 —3x2)/3

N 0 0 -1][z] [y3/3] - -
—lz,|=|0 0 Ollz |+| O |, y=|"
dt| ° i Z,
z,] |00 0z |-y - -




Example: Krener & Respondek

x3+(1+exl)u Y

X

3X X5 + X Xg + (14X, + X, )u

I
X

— _ [ y? _ 3
Z, =X, Z, —(x1 —4x2)/2, Zy ==X Xy + Xq

o O O

0
1
2

7

u

0
—2
0

i
—2(1+ey)u

(l+ y—(1+e”)y* + y4/4)u




Example: Hammouri & Kinnaert Modified

X, | e —1+ux;
] X, e 114 u(exfxz —e e —xf) X,
— X, | = _aXitX, 3 2 y —
gt | ™ +14 X —Ux X,
X, X,
X5 ]| X, ]

X+ X3

X1+ X
2, =X,2,=X,,2,=—€""" 7, =—X., 2, =€

2| [-z,-1+uz?] [0 0 -1 0 01z ] [-1+vy2u]|
NES =3 00 0 0 0]z Y,
ke u(l-z) [=|0 0 0 0 —uj[z|+| u

Z, -z, 00 0 0 0|z -y,
] | 2 |00 0 0 O0]z|]| ¥y |




Xia & Zeitz: Example 3

This system : 3 :
Is locally X =X, L, =—L,
observable . ) — 13
but not zero X2 — qu ~ Z2 — 22U
Input _ .
observable y _ Xl y — Z1
continuous
smooth Z, =X, X, =1,
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