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Problem Definition 
( ) ( ) ( )
( )

ux f x G x u f x
y h x

= + =
=



Given a system: 
 
 
 
 
Construct an observer, 
i.e., an estimator: 
 
Such that 
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Observability 
 Consider an open set U in Rn. x1,x2 are U-distinguishable if there 

exists a control u(t) whose trajectories from both x1,x2 remain in U 
such that y(t;x1,u) ≠ y(t;x2,u). Otherwise they are U-indistinguishable.  

 The system is strongly locally observable at x0 if for every nbhd U of x0 
every state in U other than x0 is U-distinguishable from x0. It is locally 
observable at x0 if there exists a nbhd W of x0 such that for every nbhd 
U of x0 contained in W every state in U other than x0 is U-
distinguishable from x0.  

 The system is (strongly) locally observable if it is (strongly) locally 
observable at x0 for every x0 in Rn.  
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Observability Codistributions 

The distribution ∆O is invariant wrt f,g1,…,gm and and it is 
contained in the kernel of span{dh1,…,dhp}. If it is nonsingular, it 
is also involutive. 

{ }

( ){ }

1 1, , , span , ,

,1 ,0 1

O m p

O O

k
L f i

f g g dh dh

span L dh i p k n

⊥

Ω =

∆ = Ω

Ω = ≤ ≤ ≤ ≤ −

 



Observability Rank Condition 
Proposition: If ΩO (equivalently, ∆O) is of constant dimension 
on some open set U, then the system is locally observable on U if 
and only if dim ΩO = n, or equivalently, dim ∆O = 0. 



Example: Linear System 
Observability 
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Example: Role of Input 
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• The linearized system is not observable, 
• The system with g(x)=0, yields 
 
 

• On the other hand, for this system 
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Observability Hierarchy 
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Observers that Mirror System 
Dynamics 
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Exponental Detectability 
A system is exponentially detectable at (x*,u*) if there exists a 
function γ (x,y) 
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Constant Gain Observer 
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Global High Gain Observer 
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Global Observer for Detectable 
Systems 
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Global Robust Observer 
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Observer Design via 
Linearization to Output Injection 
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Krener, Isidori, Respondek 

Hammouri, Gauthier, Kinnaert 
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Example: Krener & Respondek 
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Example: Krener & Respondek 
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Example: Hammouri & Kinnaert Modified 
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Xia & Zeitz: Example 3  
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continuous 

This system 
is locally 
observable 
but not zero 
input 
observable 
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