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I-O Linearization: SISO case
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Relative Degree
Definition: Let U be a neighborhood of x0 and suppose there is 

a finite integer r such that 

Then r is the relative degree. If the sequence does not 
terminate in finite steps, the system relative degree is 
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State Transformation
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Normal Form
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Feedback Linearization & Zero Dynamics
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Chain of Integrators



Example 1
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Example 1, Cont’d
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Example
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Example, Cont’d
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I-O Linearization: MIMO case
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MIMO State Transformation
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I-O Linearization Summary
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Computational Tools
Function Name  
VectorRelativeOrder computes the relative degree vector 
DecouplingMatrix computes the decoupling matrix, ρ(x) 
IOLinearize computes the linearizing control, u = ρ−1(x) −α (x) + v{ }  
NormalCoordinates computes the partial state transformation, z(x)  
LocalZeroDynamics computes the local form of the zero dynamics F(ξ ,0) , near x0  
 



Example: 
Simple Vehicle

2

Assumptions:
0, 0m s= =

( ) ( )( )

( )

( )( )

( ) ( )( )

2 2

1
1

1

1

2 2

1 0
1

10

1 0 02
1 1 0

0 0

y x
zz x

zz

y y
x x

y
x y x

x

zz zzy x
zz x

a b a b v av
J v

J
m v a v

v m v
md v

dt v a b v v
m v

I Ja b a b v av
J v

θ

θ
θ θ

θ θ
δ

θ

δ

κ ω δ

ω δω κ ω

ω κ ω δ
ω
δ κ ω δ

ω

 − + + − −    − 
   

− − +    
   
   = +
 − − + − 
  
   +   − − + + − −
 
  

 

T
F




      







Example, Cont’d
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Example: Dynamic Extension
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Dynamic Extension Algorithm
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Example: Wheeled 
Robot
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Wheeled Robot, 2
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Wheeled Robot, 3
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Wheeled Robot, 4
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Wheeled Robot, 5

Feedback linearizable



Regulation of Feedback Linearizable 
Systems - 1
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Regulation of Feedback Linearizable 
Systems - 2

( ) ( )
( )

( ) ( )

( ) ( ){ }
( ) ( )
( ) ( )

0 0

0

1

0 0

Apply standard reduction to augmented system
, ,

, , ,

, ,

choose: , ,

take ,  so that Re 0

lim 0 lim 0t t

x w z

F w z u

z A z E x w x w u

e C z

u x w x w v

v Kz x w A E K

z t e t

ξ

ξ ξ

α ρ

ρ α

λ

−

→∞ →∞

→

=

= + +  
=

= − +

= + <

⇒ = ⇒ =







Regulation of Feedback Linearizable 
Systems - 3
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Example: SISO Linear Systems
x Ax Ew bu
w Zw
z cx fw

z cAx cEw fZw cb

= + +
=
= +

= + + +





 [ ]
0
A E x

u c f cb
Z w

   
= +   

   

[ ]
2

0

u

A E x
z c f cAb

Z w
   

= +   
   



( ) [ ]

[ ]

1

1

0

,
0

r
r r

r
r

u

A E x
z c f cA bu

Z w

A E x
cA b c f

Z w
ρ α

−

−

   
= +   

   

   
⇒ = =    

   

First u 
appearance



Example, Continued
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Tracking: A Special Case
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Tracking Regulator: General Structure
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Example: Wheeled Robot Position 
Control 
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Fall 09 Project
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Fall 09 Project
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Fall 2017 Project
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Fall 2017 Project
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