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Lie Derivative, Exponential Map,Lie Bracket

e |Input-output feedback linearization
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Relative degree & zero dynamics

e Exact (state) feedback linearization
e Dynamic extension
e Regulation of feedback linearizable systems




Setup

X=f(x)+G(x)u
y =h(x)

XeR",ueR", yeR?’
f(x),G(X)=[g,(x) -+ g,(x)], h(x)smooth




|-O Linearization: SISO case
X=f(xX)+g(x)u

y =h(x)

. oh
y :&x= L h(x)+ L h(x)u

If L h(x) =0 stop, else

y = Lih(x)+L,Lh(x)u

if L,L"h(x) = 0 stop, else continue until

y" = LTh(x) + L, LT h()u with L L7h(x) =0
1

set u = —L"h(x)+v)=|y" =v
Lgerlh(X)< () +v) =1y




Relative Degree

Definition: Let U be a neighborhood of x, and suppose there is
a finite integer r such that

L, Lih(x) =0, vxeU,k=0,...,r—2, L,L7"h(x) = 0

Then r is the relative degree. If the sequence does not
terminate In finite steps, the system relative degree is




State Transformation

e rfinite=r<n

define: z,(x) := L':*h(x), i =1,...,r

e Zz(x),1=1,...,rareindependent functions
note:z,=Yy,z,=V,...,z, =y ™

e complete the transformation by adding functions
define: & (x),1=1,...,n—r independent of z(x)

U
X (&,2)




Normal Form

E=F (&, z,u) = F (&, 2) special choice of &
2=Az+b|a(x(&,2))+ p(X(& 2))u]

y = CZ

|

0 0 0

a(x)=Lih(x), p(x)=L,L"h(x)

0

1

le=[1 0 -

0]



Feedback Linearization & Zero Dynamics

u=—-p*(X) {a(x) +V}

U
E=F(&,z) internal dynamics
2=Az+Dbv _ _ .
1-O linearized dynamics
y =CzZ

E=F(&,0) zerodynamics
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Example 1

Design an 1/O linearizing control system withy — 0

X, =X, + X +U

X, = —U

y=x

Yy =X =X, +X +U
S>r=la(x)=X,+x,8(X)=Lu=—x,—X +V

Z,(X)=x

we need one more function to complete the transformation

choose & (x) =X,

2, =v| 1/O linearized dynamics

E=-U=x+X-v=|E =& +2—v| internal dynamics

& =& | zero dynamics (unstable!)




Example 1, Cont'd

What can be done in the case of unstable zero dynamics?
The conventional way is to try and redefine the output
function. Two ways of approaching this are:

e Try to find a new h(x) such that the zero dynamics are stable.

e Try to find a new h(x) such that the system is full state
linearizable, i.e., r =n.

y=h(x)=x+Xx,

Y =X, +X, y:3X12(X2+X13)+(3X12 —1)u
= r:2,05:3x12(x2+xf),,8:(3x12 —1)

problem if x, = +,/1/3
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Example, Cont’d

Normal form:
_21_ [ 22 i B O
2 4
Z 2, + 22,2 42 —2\/1+ z,—2: -2z,
2| = > +
Z, 23(22 —223) 0
Ll | 1-z,-z,/2+2 - \1+2, -2 +22, -22, | | 0

Zero dynamics

{23}_ 21,
2, | |-1-z,/2+2 - \1-22 +2z, - 21,




|-O Linearization: MIMO case

assume p=m

r =inf {k‘ng L“*h (x) = 0 for at least one j}
a(x)=Lh(x),i=1...,m

py =L,

j

Definition: if det{p(x)} #0,r=[r, --- r,]is the vector
relative degree.




MIMQO State Transformation

state transformation ,x —» (£,2),£eR" ", zeR", r=r+---+r_

o w1 Ty
Z, . :
L) ||y
09=| . |=| . |=]
| h'm y'm
Z, : :
L) Ly E=F(&,2,u)

1=Az+E| a(X(&,2))+p(X(& 2))u]
y=Cz




I-O Linearization Summary

0"

p(X)

X=f(x)+G(x)u

y =h(x)

a(x)

X

Kz(x)




Computational Tools

Function Name

VectorRelativeOrder | computes the relative degree vector
DecouplingMatrix computes the decoupling matrix, p(X)

IOLinearize computes the linearizing control, u = p " (x){-a/(x) + v}
NormalCoordinates | computes the partial state transformation, z(x)
LocalZeroDynamics | computes the local form of the zero dynamics F(£,0), near X,




Example:
Simple Vehicle

Assumptions:

my, [
m, = 0,s=0 | :necr(;l"’:z??;ri;i’;eters
_ - ] i
_ ~ ((a2 +b2)a)9 +(a-b)yv, —aVX5) - J1 0
[ w, | 1 o .
Vj —E[mla)evy—/c(aa)9+vy)zl 0 1
N 4
di| Y wgvx—x((a—b)a)9+2vy—vx5) 0 0 |LF
Wy mlvx 1 1
i o | K 2 b2 b o |_+ J 0
_J y (—(a + )a)9+(a— )Vy—aVX ) 72 2z
22Vx 0 0 |
| a)5 -




Example, Cont’d

Objective: Steer vehicle along a circular path of constant
radius R and constant speed V,. Equivalently, specify constant
angular velocity o, =V, /R and define two outputs

Y1 = Vf "'V;Z/ _de

Y, = 0, —




Example, Cont’d

Inj20]= {rho, alpha, ro, control} =
IOLinearize[£27, 27, h27, var27]:;
FunllSimplify[alphal] // MatrixForm
FollSimplify[rheo] // MatrixForm

Computing Decoupling Matrix

Computing linearizing/decoupling control

Owrt[2 1)/ MatrocForm=
v £ laRl (-udiwZwl)ixwd brl-Zxd ZwIuS))ox

ml xz

—:.E #lib -bxlond) ca '—11:34:211:5'.' X

! JEE HZ
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b
ki
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Example: Dynamic Extension

_xl_ _cosxg 0 J
- 1
Y2 =3I % OLJ cosx, 0] .
X, 0 1 o= . singular!
T, ] SIn X,
MM
y2 X2

%, | [ucosx;| [0 O] b= {COS X;  —U;SIn X?}
X sin 0 0|l v '

define:u, =v=| °|= Ui X SINX;  U; COSX,
X 0 0 1{u, _ lar!
o | | o | |10 nonsinguiar:




Dynamic Extension Algorithm
k= (x)+ 200 (X)u. y=h(x)

1) Compute p(x). If rankp = m Stop!

2) If rankp = s <m, perform elementary column operations
to make the first s columns independent and the last m—s
columns zero. p, (x) = p(X)E(x), E(x) square, nonsingular.

3) Suppose there are g columns each having two or more elements
that are not identically zero. If g =0, Stop! The process fails.

4) If q = 0, define the column index set & ={i,,....i,} and let &

denote its complement in {1m}~ Put and integrator in series
with the g corresponding controls to obtain a new augmented system

LH Z.eag HZ.Gaga }

5) Go to step 1 and repeat the process with the new augmented system.




Example: Wheeled
Robot

X =V, C0Sd
y=v, sin g body fixed frame
=0 .
Mv, = F
Jo=T ;pace frame

A




Wheeled Robot, 2

X =V, oS0
y=Vv,siné
0=w
v.=F =
w=T

Yp =X

Y, =V, c0s0 -V, sinfdw=-V,wsind+cosd F

Y, =V, SIn@+Vv, cosfw=V wcosd+sindF

-V @Ssiné coséd 0
a = , P = _
V, @ C0SH singd O

=0=1 a={l} = addintegrator in frontofu, =F




Wheeled Robot, 3

The extended system Is:

0

X
y

>

Q
F

4,
Vv, COS 6
v, sin@

_ O O O O O

o b O O O O




Wheeled Robot, 4

And, the normal form:

z] [0 1 0/0 0 0z [0 O
z,| 10 0 1(0 0 0f[z| |0 O
dlz,| |0 0 0jo 0 oOffz| |1 0
— = +| —— |[a+ pu]
dt|z,| |0 0 0|0 1 Of[z | |0 O
zz| {0 0 0{0 0 1]z]| |0 O
z,] [0 0 0]0 0 0|z [0 1]
~2wsin 0 + o (-V,wcos 0 —zsin9) | coséd —v, sind
a:{Za)COS<9+a)(—VXa)Sin(9+ZCOS<9)_’ p:{sine vxcose}




Wheeled Robot, 5

1
— P — —P
U S F
Wheeled Vehicle
T -

Feedback linearizable




Regulation of Feedback Linearizable

Systems -1

Controller

i w disturbance

/A

Plant

e performance variables
—

>
y measurements

u control

X=f(xwW)+G(X)u state

W= (w)

e=h,(x,w)

y=h, (x,w)
Goals:

disturbance

error

measurement

1. stabilize the plant (internal stability)

Assumptions:
« equilibrium point at the origin, i.e.

0= f(0,0),0=h,(0,0),0=h, (0,0)

» disturbance dynamics are neutrally stable

2. regulate the performance variables: lime(t)=0

t—w



Regulation of Feedback Linearizable
Systems - 2

Apply standard reduction to augmented system

(xw) > (&2)

E=F(&w,z,u)

2=Az+E,| a(xw)+p(xw)u|

e=C,z

choose: U= p™*(X,w){-a(x,w)+V]

take v = Kz(x,w) so that Re A( A, + E,K) <0

= lim__ z(t)=0=lim_,_e(t)=0




Regulation of Feedback Linearizable
Systems - 3

W=p(w)

w
a v N

X=f(x,w)+G(x)u| e

—( )—V*( B o (X, W) ", e — h(x.w) >

T
o (X, W) le—

" v J
Kz(X, W) [¢ @
§=F(&w,z,v)
v . e
z=Az+EyV

e=C,z




Example: SISO Linear Systems

X=AX+Ew+bu
wW=2Zw
Z=CX+ fw

7 =CAX+CEw+ fZw+ gfu =[c f]{A E}B\Jwﬁu

0 Z
1y 2o

/ First u
appearance

z(r):[c f]{A E} {X}+CA”bu
0 Z||w

= p=cAb, o =[c f]m EH\H




Example, Continued / expand matri

0(=|:0Ar CE(Ar1+ArZZ+"-+AZr2+Zr1):||:;(v}

p=CA"Db

o [eAT (AT ATZ 4 AT +Z”)]M+v}

e o

Z, :[CA CE + fZ]|:

U= r-1 )
cA"b ;
new z coordinates
X}

Z Z[CAr—l CE(Ar_2+Ar_3Z+---Zr_2)_|_ fzrli||:\j(v}




Tracking: A Special Case
x=f(x)+G(x)u, y=h(x)
W=2w, y=Fw

e=y-y=h(x)-y e=h(x)-y
e:fhx—szJmo—v+%hum éfLﬁWM—V
If Lgh(x) # O"stop, else N er‘lh(x)—y“‘l)
&=L h(x)-y+L,Lh(x)u
if L, L“"h(x) = 0 stop, else continue until b EOte that
g y“ =FZ*w

e = L h(x) -y + L, LT "h(x)u with L L'"h(x) = 0

1
setu = —L"h(x)+ V" +v)= e =v
Lnglh(x)( )+ +V)




Tracking Regulator: General Structure

~

64_\

p(x)

X=f(x)+G(x)u
y =h(x)

a(X)

z(x)




Example: Wheeled Robot Position

Control

X=V, cosd
y =V, sin

:é ...Hﬁl

FBL

W, - Control

Wheeled Vehicle

Note:

Y, zwl’?l =0

Y, :Wz’?z :Ws’% =0
Recall:

n=3r=3




Fall 09 Project
X, (t):50005£2n£j

.
yc(t)=505in(47z£j
.
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Fall 09 Project
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Fall 2017 Project
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T TS

>
_ o
] In:tiirtll;zzp F] | Ideal FZ} | Rotational |y
N Motors| Dynamics | P
Controller "% Us Y q
_r_

] 1 singtan@ cosgtanéd || p

I 0|=|0 COS ¢ —sin¢g q

7 0 singsecd cosgsecd || r

_|y_|z qr_ _Eu 7
Iy 2 7]

d p 'x / ¢ ¢i ¢ Ws
—lql|=|2pr |+| —u, |, =10 |-0|=|0|-|wW
dt 'y y ™3 3
_ Y W,
|XI ly 50 |lzu4 4 v 1




Fall 2017 Project

K w, | [1 singtand cosgtand
. d d .
y:a 0 g w, |=|0 COS ¢ —sin ¢
12 ‘W, | |0 singsecd cosgsect
([1 singtan@ cosgtan@|[p|) [ O
. d :
y:a 0 COS ¢ —Sin ¢ q||—|—-W,
0 singsect cosgsecd || r |) 0

s =
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