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Part |l Outline

e Intro to Discontinuous Dynamics
Examples
Simulation Tools
Solution concepts

e Variable Structure Control Basics
Sliding domain, equivalent control
Lyapunov analysis of discontinuous systems
Special Cases: linear dynamics, normal from

e Hybrid Systems
Mixed logic-dynamic systems
Modeling using Simulink with State Flow
Logic to mixed-integer formulas
Optimization



Outline

e Brocket’s Necessary Condition
Some systems cannot be stabilized by smooth state feedback
Extensions to BNC

e Solutions to Discontinuous Differential Equations
Various notions of ‘solution ‘may be appropriate




What is a Discontinuous System
Consider a system

x=1f(x), xeR’
such a system Is considered to be a continuous system if the function f (x)
has continous first derivatives in X, otherwise It is discontinuous.

A control system is more complicated.
x=f(xu), xeR"ueR", f(0,0)=0
A control system Is considered to be a continuous If the function f (x, u (x))

has continous first derivatives in X, otherwise It I1s discontinuous.




Brockett’'s Necessary Condition




Necessary Condition for Asymptotic
Stability
x=f(xu), xeR"ueR",f(0,0)=0
Theorem: (Brockett) Suppose f Is smooth and the origin is
stabilized by a smooth state feedback control u(x),
u(0)=0. Then the mapping F : R" — R",
F (x)= f (x,u(x)) maps neighborhoods of the origin
Into neighborhoods of the origin, I.e.
V5 >0 de>0suchthat B, = F(B;)

alternatively, f (B, x R™) is a neighborhood of 0 € R".




Example 1 h=ulnx)
X, = XU (X, X, )
__ u(%,%,)
F__xlu(xl,xz)_

u(x,Xx,), smooth
and u(0,0)=0

/

The only point of image on F2
axis is the origin.

{Fl}:{ u(ssind,scos0)

F,| |dsindu(dsing,scoso)
0<0<2r

\ Fl




body fixed frame

Example 2 :
caster wheel
X=V,Ccosd X, COS X, U, - | Y
. ] d _ _ A space frame
y=Vv SIN0 < —| X, |[=|SINX U, |=| F,
. dt _ r independent
9 = Q) X3 u2 3 drive wheels
B B B - B - » X

Notice that with x, =0, all points on the F, axis other
than O are not in the image of the mapping.




Notions of Solution for Discontinuous
Dynamics



Solutions of ODEs

e Classical Solutions
X(t)=f(x(t),t), x(0)=x,
e Caratheodory Solutions
X(t) =X, +j; f(x(s),s)ds
Satisfies the ode almost everywhere on [0,t], i.e X(t)# f (x(t),t)
at isolate points of time.

e Filippov Solutions (differential inclusion a set)

X(t)ed(x(t),t), x(0)=x




Classical Solutions

X(t)=f(x(t).t)

classical solution: x(t) is continuously differentiable.

/ Not a classical solution

Example: brick on ramp o

with stiction.

08l

mv = —xsgnv—cv+mgsingd

06 -

04

02-




Caratheodory Solutions
X(t)= f (x(t)) is satisfied at almost all points on every

interval t e[a,b], a<b

Stopping solutions for the brick on ramp problems are not
Caratheodory solutions. For these solutions the brick Is

stopped on a finite interval, i.e, v(t)=0onte|a,b’
—Vv(t)=0onte|a,b]




Brick Example — try something else
mv =—xsgnv—cv+mgsinéd =

K C

V=——sgnv——Vv+(gsind
m m
. K C :
V=————V+(gsing v>0
m m

ve[—£+gsin9,£+gsin6} v=_0
m m

. K C :
V=———V+(gsIing v<0
m m




Filippov Solutions

dx(t)
dt

e F(x(t),t) = [ conv f (S(J,x(t)) — A(S, X(t)),t)

S(5,X) = {y eR"|y—x|< 5}}
A(0, X) :subset of measure zero on which f is not defined




Example: nearest neighbor

e 3 agents moving in sguare
Q

. . o

e Rule: move diametrically o
away from nearest
neighbor

Nearest neighbor to p.

w i':argmin{Hpi —qH\ qedQuip,p,, ps}\{pi}}
Action

. P —- //i‘
[oi = 7]

b,




Example: nearest neighbor, cont’d

Consider 1 agent - in which case
the only obstacles are the walls.

The nearest neighbor is easily
identified on the nearest wall.

The vector field is well defined
everywhere except on the
diagonals where it is not defined
because there are multiple
nearest neighbors.

p1:




Example: nearest neighbor, cont’d

X = f(xl,xz):<

—X, < X < X,
=X <X <X
X, <X <—X,

X <X <—%

(f'ﬁu

~ -X, <X <X

X, <X, <X




Extension of Brockett’s Condition

Assumption on f (x,u):

Ac R" convex = f (x,A)c R" convex

)

VAc R" conv f (x,A)c f (x,convA)
Definition: Admissible feedback controls u (x) are piecewise continuous and
solutions are defined in the sense of Filippov

X € éf[f (x,u(x))] and 0 e é}[f (O,u(O))}
Theorem (Ryan): For f (x,u) continuous and satisfying assumption, asymptotic
stabilization by discontinuous feedback = each neighborhood %
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