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PRELIMINARY EXAMPLE




Example

X =X,
X, =ax, —bu, ab>0
aX, XS$>0 s=cx +X
U= ,
2 -aX, %S<0 a,c>0

X,

X

N ST

>

any

// ¢ =) \;{%

sliding mode:s=cx, +X,=0= % +¢x =0

condition for existence: ss <0



SWITCHING CONTROL BASICS




Setup

System: v — f (x,u)

xeR", ueR™, f smooth

Control:
u. discontinuous across switching surface s (x) =0

bW s0>0
| U7 (x), s(x)<0’

u’" (x), u;(x),smooth




Switching Systems & Sliding Motion

If there Is @ motion in the switching
surface, it is called a sliding
motion.

How is it defined?




Defining the Sliding Motion via The
Filippov Solution

dx(t)
dt

e F(x(t),t) = [ conv f (S(J,x(t)) — A(S, X(t)),t)

S(5,X) = {y eR"|y—x|< 5}}
A(0, X) :subset of measure zero on which f is not defined

s(x(t).t)=0




Lyapunov Stability for Discontinuous

Vector Fields

Using smooth Lyapunov functions with discontinuous vector fields.

V(X)eC1

V (x() e{aa—\;:\ 5eesf(x(t>,t)}

Result 1 /

\/S—p<0(\/ 2p>0)on P-A=

\/S—,5<O(\/ 2,5>O)on P
Result 2

\

Open region of
state space

Surface of
discontinuity

V S—pHS(X)H, p>00NP-A=V S—pHS(X)H, po>00nP




Sliding Domain
D, = M, ={xeR"| s(x) =0} isasliding domain if:

1. trajectories beginning in a d-vicinity of D,
remain in an g-vicinity until reaching oD,

2. D, does not contain entire trajectories of the
2" associated continuous systems.

See notes in Chapter 10




Proposition
Lyapunov verification of a sliding domain.

=0 If s(x)=0
V(x)eC', V(X):= ( ).
>0 otherwise
D 5 D, is an open, connected subset of R"
V <—p|s(x)|<00on D-M,
U

D, is a sliding domain




Proposition

V(x) = |s(x)[", & >0 on a d-vicinity of D,
D o D, is an open, connected subset of R"
V <—pls(x)|<0on D-M,

U

trajectories beginning in a o-vicinity of D, reach

D, In finite time




SUPPLEMENTARY MATERIAL:
EUCLIDEAN GEOMETRY




Geometry
e A subset & of the linear space (over field F) &

IS a linear subspace of & If:
VX, X, € S and

For our purposes think
Euclidean space R"
Ve, C, e, X +C,X, €&

o Ifx, e (i=1...,k), then span{x,,...,x} isa
subspace of 4.
e RS X then

98+<S:{r+s\regz,365}

RS ={x|xeR&xeS}
e Two subspaces ® & are independent if £ s =0




Geometry 2

o If £,1=1,...,k are independent subspaces, then the sum
R=R++R
Is called an indirect sum and may be written
R=RD--- DX
The symbol @ presuposes independence.
olet ¥=RDS. Foreach xe &, there are uniquere ®,se s
so that x =r +s. This implies a unique function x — r called
the projection on & along &.




Geometry 3

e The projection is a linear map Q: & — &, such that
ImMQ =% and kerQ =&, and
T=QX®(1-Q)X =2ds

e Note that (1 —Q) is the projection on & along %. Thus,
Q(1-Q)=0=Q°=Q

e Conversly, for any map Q : 4 — @ such that Q* =Q
F=ImQ@kerQ

l.e., Q is the projection on ImQ along ker Q.




Geometry 4

Recall
x=[1-B(CB)"C | Ax

Q=B(CB) C
Q®=B(CB) CB(CB) C=B(CB) C
IMQ=ImB kerQ=kerC X =ImB®KkerC

B(CB)_1C is the projection on Im B along kerC

(I - B(CB)_lc) is the projection on ker C along ImB
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